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We study the transport properties of an impurity in a sheared granular gas, in the framework
of the Boltzmann equation for inelastic Maxwell models. We investigate here the impact of a
nonequilibrium phase transition found in such systems, where the tracer species carries a finite
fraction of the total kinetic energy (ordered phase). To this end, the diffusion coefficients are first
obtained for a granular binary mixture in spatially inhomogeneous states close to the simple shear
flow. In this situation, the set of coupled Boltzmann equations are solved by means of a Chapman-
Enskog-like expansion around the (local) shear flow distributions for each species, thereby retaining
all the hydrodynamic orders in the shear rate a. Due to the anisotropy induced by the shear flow,
three tensorial quantities Dij , Dp,ij , and DT,ij are required to describe the mass transport process
instead of the conventional scalar coefficients. These tensors are given in terms of the solutions of a
set of coupled algebraic equations, which can be exactly solved as functions of the shear rate a, the
coefficients of restitution αsr and the parameters of the mixture (masses and composition). Once
the forms of Dij , Dp,ij , and DT,ij are obtained for arbitrary mole fraction x1 = n1/(n1+n2) (where
nr is the number density of species r), the tracer limit (x1 → 0) is carefully considered for the above
three diffusion tensors. Explicit forms for these coefficients are derived showing that their shear rate
dependence is significantly affected by the order-disorder transition.
I. INTRODUCTION
The model of smooth inelastic hard spheres (IHS) has proven insightful to characterize the influence of collisional
dissipation on the dynamic properties of rapid granular flows [1, 2]. Following this minimal route, the inelasticity
of collisions is accounted for by a constant (positive) coefficient of normal restitution α ≤ 1 that only impinges
on the translational degrees of freedom of grains [1]. The case α = 1 stems for elastic, kinetic energy conserving
collisions. On the other hand, the complex mathematical structure of the Boltzmann collision operator for IHS
prevents us from obtaining exact results, even in the simplest homogeneous cooling state. To get the explicit forms of
the Navier-Stokes transport coefficients [3] one usually considers the leading order in a Sonine polynomial expansion
of the velocity distribution function [1, 2]. These difficulties increase considerably when one studies multicomponent
systems (namely, a mixture of grains with different masses, sizes and coefficients of restitution) since not only the
number of transport coefficients is larger than for a single gas but also the kinetic description involves a set of coupled
Boltzmann equations for the one-particle velocity distribution function of each species.
One of the main mathematical intricacies in evaluating the collisional moments of the Boltzmann operator for hard
spheres (even for ordinary mixtures) comes from the fact that the collision rate is proportional to the magnitude of the
relative velocity of the two colliding spheres. This property precludes the possibility of determining those collisional
moments without the knowledge of the velocity distribution functions. In the case of elastic fluids, a possible way
to overcome this problem (keeping the structure of the Boltzmann collision operator) is to assume that the particles
interact via the repulsive Maxwell potential (inversely proportional to the fourth power of the distance). For this
interaction model, the collision rate is independent of the relative velocity and this brings a number of convenient
mathematical properties of the Boltzmann collision operator [4]. Thanks to this simplification, nonlinear transport
properties can be exactly obtained [5, 6] from the Boltzmann equation for Maxwell elastic molecules and, when
properly reduced, they exhibit a good agreement with results obtained for other interaction models [7]. In the context
of inelastic gases, the Boltzmann equation for inelastic Maxwell models (IMM) was also introduced about sixteen years
ago [8]. The IMM share with elastic Maxwell molecules the property that the collision rate is velocity independent
but their collision rules are the same as for IHS. Although these IMMs do not describe real particles since they do
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2not interact according to a given potential law, it must be stressed that several results derived from IMM [9–13] agree
well with the predictions made from IHS. Moreover, in the framework of the Boltzmann equation, Maxwell models
can be introduced at the level of the cross section without any reference to a specific interaction potential [4, 14]. It is
here noteworthy that some experiments [15] for magnetic grains with dipolar interactions are well described by IMM.
One of the most widely studied states in granular gases is the so-called simple or uniform shear flow (USF) state.
In the case of a binary granular mixture, it is characterized by constant partial densities nr (r = 1, 2), a uniform
granular temperature T , and a linear velocity profile ux = u1x = u2x = ay where a is the constant shear rate and ur
denotes the mean velocity of species r. In this problem, the mass and heat fluxes vanish by symmetry and hence, the
pressure tensor P is the relevant flux of the problem. In the case of IMM, the elements of the pressure tensor were
exactly determined [16] in terms of the shear rate and the parameters of the mixture. Subsequently, the dynamics of
an impurity immersed in an inelastic Maxwell gas under USF was studied [17, 18] by starting from the above exact
solution [16] [which holds for arbitrary concentration xr = nr/(n1 + n2)] and taking carefully the tracer limit (i.e,
when the concentration of one of the species becomes negligible). Surprisingly, a non-equilibrium phase transition was
identified with a region (“ordered” phase) where the contribution of impurities to the total kinetic energy is finite.
This unexpected behaviour was present when the gas is sheared or when it evolves freely (namely, in the so-called
homogeneous cooling state) [19]. In this latter case, we have recently analyzed [20] the impact of this transition on
the Navier-Stokes transport coefficients, showing that those coefficients exhibit a different dependence on the mass
ratios and the coefficients of restitution in the “ordered” and “disordered” phases.
The aim of this paper is to gauge the effect of the above non-equilibrium transition on the transport properties
associated with impurities when the granular gas is shear flow driven. As in the previous study [20] for the Navier-
Stokes coefficients, in order to determine in a clean way the behaviour of the tracer transport coefficients in both
non-equilibrium phases, one has first to evaluate transport around USF for a general binary mixture (i.e., with x1 6= 0)
and then take the corresponding tracer limit (x1 → 0). This first requires the computation of the complete set of
generalized transport coefficients of a granular binary mixture (with x1 6= 0) in a state that deviates from the USF
by small spatial gradients. To get those coefficients, one should solve the set of coupled Boltzmann equations by
means of a Chapman-Enskog-like method around the (local) shear flow distributions for each species that retain all
the hydrodynamic orders in the shear rate. This is the essential difference with respect to the conventional Chapman-
Enskog method [21]. Since the base state (zeroth-order approximation) is anisotropic, tensorial quantities are required
to describe the irreversible fluxes instead of scalar coefficients. The evaluation of these generalized tensors has been
recently carried out by the authors of the present paper [22]. On the other hand, due to the technical difficulties
involved in explicitly computing the shear-rate dependence of the transport coefficients, only the mass transport of
impurities was evaluated. This flux is characterized by the second-rank tensors Dij (diffusion tensor), Dp,ij (pressure
diffusion tensor) and DT,ij (thermal diffusion tensor). Here, we will explicitly compute the above shear-rate dependent
diffusion coefficients in the tracer limit. The results show that the dependence of those coefficients on the shear rate
and the parameters of the mixture is clearly different in both ordered and disordered phases.
The plan of the paper is as follows. In section II we introduce the Boltzmann equation for IMM and present the
USF problem. In addition, the tracer limit is also considered and the ordered phases where impurities bear a finite
contribution to the properties of the mixture are identified. Section III deals with the description of the Chapman-
Enskog-like method to get the diffusion coefficients Dij , Dp,ij and DT,ij . The algebraic equations defining those
coefficients are explicitly written in section IV for arbitrary concentration. Then, starting from the above general
expressions, we derive their forms in the ordered and disordered phases when the tracer limit is considered. The
dependence of the above coefficients on the parameter space of the problem is illustrated in section V for systems
where impurities are lighter or heavier than the particles of the granular gas. Finally, we conclude in section VI with
a brief discussion of the main findings of the paper.
II. INELASTIC MAXWELL MIXTURES UNDER SHEAR FLOW
A. Boltzmann kinetic equation
Let us consider a granular binary mixture modeled as an inelastic Maxwell model. In the simplest version, the
Boltzmann equation for IMM [8] can be obtained from the Boltzmann equation for IHS by replacing the rate for
collisions between particles of species r and s by an average velocity-independent collision rate. With this simplification
and in the absence of external forces, the set of nonlinear Boltzmann kinetic equations becomes(
∂
∂t
+ v · ∇
)
fr(r,v; t) =
2∑
s=1
Jrs [v|fr(t), fs(t)] , (1)
3where fr(r,v, t) is the one-particle distribution function of species r (r = 1, 2) and the Boltzmann collision operator
Jrs [v1|fr, fs] for IMM describing the scattering of pairs of particles is
Jrs [v1|fr, fs] = ωrs
nsΩd
∫
dv2
∫
dσ̂
[
α−1rs fr(r,v
′
1, t)fs(r,v
′
2, t)− fr(r,v1, t)fs(r,v2, t)
]
. (2)
In equation (2),
nr =
∫
dvfr(v) (3)
is the number density of species r, ωrs is an effective collision frequency for collisions of type r-s, Ωd = 2pi
d/2/Γ(d/2) is
the total solid angle in d dimensions, and αrs ≤ 1 refers to the constant coefficient of restitution for collisions between
particles of species r with s. In addition, the primes on the velocities denote the initial values {v′1,v′2} that lead to
{v1,v2} following a binary collision:
v′1 = v1 − µsr
(
1 + α−1rs
)
(σ̂ · g12)σ̂, (4)
v′2 = v2 + µrs
(
1 + α−1rs
)
(σ̂ · g12)σ̂ , (5)
where g12 = v1 − v2 is the relative velocity of the colliding pair, σ̂ is a unit vector directed along the centers of the
two colliding spheres, and µrs = mr/(mr +ms).
The effective collision frequencies ωrs are independent of velocity but depend in general on space an time through
their dependence on density and temperature. As in previous works [17–19], we will consider a simple version of IMM
(“plain vanilla Maxwell model”) where one defines ωrs as
ωrs = xsν0, ν0 = An, (6)
where xs = ns/n is the concentration or mole fraction of species s and the value of the constant A is irrelevant for
our purposes. Here, n = n1 + n2 is the total number density of the mixture. The form of ωrs is closer to the original
model of Maxwell molecules for elastic mixtures [6]. This plain vanilla model has been previously employed by several
authors [23, 24] and it is capable of capturing the essential physical effects in shearing problems [10, 18].
At a hydrodynamic level, apart from the partial densities nr, the relevant quantities in a binary mixture are the
flow velocity u, and the “granular” temperature T . They are defined as
ρu =
∑
r
ρrur =
∑
r
∫
dvmrvfr(v), (7)
nT =
∑
r
nrTr =
∑
r
∫
dv
mr
d
V 2fr(v), (8)
where ρr = mrnr, ρ = ρ1 + ρ2 is the total mass density, and V = v − u is the peculiar velocity. Apart from the
hydrodynamic fields, an interesting quantity is the partial temperature Tr of species r defined as
nrTr =
∫
dv
mr
d
V 2fr(v). (9)
The partial temperature Tr measures the mean kinetic energy of species r. As confirmed by computer simulations
[25], experiments [26, 27] and kinetic theory calculations [28, 29], the global granular temperature T is in general
different from the partial temperatures Tr. In addition, the mass flux jr of species r, the pressure tensor P and the
heat flux q are given, respectively, by
jr = mr
∫
dvV fr(v), (10)
P =
∑
r
∫
dvmrVV fr(v), (11)
4q =
∑
r
∫
dv
1
2
mrV
2V fr(v). (12)
Finally, the rate of energy dissipated due to collisions among all species defines the (total) cooling rate ζ as∑
r
∑
s
mr
∫
dvV 2Jrs[v|fr , fs] = −dnTζ . (13)
Equation (11) also defines the partial contribution Pr of species r to the total pressure tensor P as
Pr =
∫
dvmrVV fr(v). (14)
Note that j1 = −j2 due to the definition (10).
B. Uniform shear flow
Let us assume that the mixture is under USF. This state is macroscopically characterized by constant densities, a
uniform temperature, and a linear velocity profile
u(y) = u1(y) = u2(y) = ayx̂, (15)
where a is the constant shear rate. This profile assumes no boundary layer near the walls and is generated by the
Lees-Edwards boundary conditions [30], which are simply periodic boundary conditions in the local Lagrange frame
moving with the flow velocity [31]. Thus, at a microscopic level, the velocity distribution functions fs of the USF
state become uniform when one refers the velocity of the particles to the local Lagrangian frame moving at the flow
velocity defined by equation (15), i.e., fs(r,v, t) = fs(V, t). In that case, equation (1) can be written as [6]
∂
∂t
f1 − aVy ∂
∂Vx
f1 = J11[f1, f1] + J12[f1, f2]. (16)
A similar equation holds for f2.
Since ns and T are uniform in the USF state, then the mass and heat fluxes vanish and the pressure tensor is the
only non-vanishing flux of the problem. Moreover, the only relevant balance equation is that for the temperature. It
can be obtained from equation (16) and its counterpart for species 2; it is given by
ν−10
∂
∂t
lnT = −ζ∗ − 2a
∗
d
P ∗xy, (17)
where ζ∗ ≡ ζ/ν0, a∗ ≡ a/ν0, and P ∗xy ≡ Pxy/p. Here, p = nT is the hydrostatic pressure. In the USF problem, the
expression for ζ∗ is [10]
ζ∗ =
2
d
∑
r
∑
s
xrxsµsr(1 + αrs)
[
γr − 1 + αrs
2
(γrµsr + γsµrs)
]
, (18)
where γr ≡ Tr/T and use has been made of the property jr = 0. The reduced shear rate a∗ is the nonequilibrium
relevant parameter of the USF problem since it measures the distance of the system from the homogeneous cooling
state (a∗ = 0). According to equation (17), the temperature changes in time due to the competition of two opposite
mechanisms: on the one hand, viscous heating (−a∗P ∗xy > 0) and, on the other hand, energy dissipation in collisions
(−ζ∗ < 0). In general, since a∗ does not depend on time, there is no steady state unless a∗ takes the specific value
given by the steady-state condition
a∗sP
∗
s,xy = −
d
2
ζ∗s , (19)
where a∗s, P
∗
s,xy and ζ
∗
s denotes the steady-state values of the (reduced) shear rate, the pressure tensor and the cooling
rate, respectively. Beyond this particular case, the (reduced) shear rate and the coefficients of restitution are not
coupled and hence, one can study the combined effect on both quantities on the elements of the pressure tensor of
the mixture.
5The explicit forms of the (scaled) pressure tensors P ∗r,ij = Pr,ij/p have been obtained in Ref. [16] as nonlinear
functions of the (reduced) shear rate, the coefficients of restitution and the parameters of the mixture (masses and
concentration). Their expressions are displayed in Appendix A. In particular, for long times, the temperature behaves
as
T (t) = T (0)eλν0t, (20)
where λ is the largest root of a sixth-degree polynomial equation with coefficients depending on a∗, αrs, x1 and the
mass ratio µ ≡ m1/m2. The results obtained in Ref. [18] for x1 6= 0 show that, at a given value of a∗, the difference
between the two largest roots of the above sixth-degree equation does not vanish. This means that the asymptotic
time dependence of the partial pressure tensors P ∗r,ij is always ruled by one of the roots.
C. Tracer limit (x1 → 0)
We assume now that the concentration of one of the species (say for instance, species 1) becomes negligible. In the
tracer limit (x1 → 0), the sixth-degree equation for λ factorizes into two cubic equations with the following largest
roots:
λ
(0)
2 =
(1 + α22)
2
d+ 2
F (a˜)− 1− α
2
22
2d
, (21)
λ
(0)
1 =
2µ221
d+ 2
(1 + α12)
2F
(
a˜
2µ221
(1 + α22)
2
(1 + α12)2
)
− 2
d
µ21(1 + α12)
[
1− µ21
2
(1 + α12)
]
, (22)
where
F (x) ≡ 2
3
sinh2
[
1
6
cosh−1
(
1 +
27
d
x2
)]
(23)
and
a˜ =
2(d+ 2)
(1 + α22)2
a∗. (24)
The root λ
(0)
2 rules the dynamics of the host fluid (excess component) while the evolution of the tracer species is
governed by λ
(0)
1 .
As said before, the largest of all roots, λmax, is the relevant one to obtain the asymptotic values of the (scaled)
pressure tensors P∗r . In particular, the energy ratio E1/E = x1γ1 (or equivalently, the reduced partial pressure
p∗1 = n1T1/p) can be easily obtained from the pressure tensor P
∗
1 associated with the tracer particles. It was shown in
Refs. [17, 18] that the behaviour of the system is qualitatively very different depending on λmax = λ
(0)
1 or λmax = λ
(0)
2 .
Thus, when λ
(0)
2 > λ
(0)
1 , E1/E = 0 when x1 → 0 as expected and T1/T2 ≡ finite. This region of the parameter space
is coined as the “disordered” phase.
On the other hand, if λ
(0)
1 > λ
(0)
2 , then T1/T2 →∞ but surprisingly E1/E 6= 0. We found two different families of
“ordered” phase:
• A light impurity phase which is present when a∗ > a∗c(µ, αrs) and µ < µ(−)th where
µ
(−)
th =
√
2
1 + α12
1 + α22
− 1. (25)
This phase can also be observed at vanishing shear rate (a∗ = 0) when the mass ratio µ > µ
(+)
HCS or µ < µ
(−)
HCS
where [19]
µ
(−)
HCS =
α12 −
√
1+α222
2
1 +
√
1+α222
2
, µ
(+)
HCS =
α12 +
√
1+α222
2
1−
√
1+α222
2
. (26)
Note that while the upper bound µ
(+)
HCS is well defined for all values of α12 and α22, the lower one is only positive
when α12 >
√
(1 + α22)2/2 (asymmetric dissipation).
6• A heavy impurity phase (µ > µ(+)HCS), which cannot accommodate large shear rates and requires a∗ < a∗(+),
where
a∗(+) =
1 + d− α22
d
√
1− α222
2(d+ 2)
. (27)
The existence of the light impurity ordered phase was already found years ago for elastic collisions [32]. The explicit
form of E1/E is provided [33] in the Appendix C of Ref. [18]. Note that the above results do not depend of the
impurity-impurity coefficient of restitution α11, which is intuitively expected.
As alluded to in the Introduction, the goal here is to analyze the fingerprint of this nonequilibrium transition on the
diffusion coefficients associated to the tracer species. In order to do it, we have to determine them first for arbitrary
x1. This will be carried out in the next Section by solving the Boltzmann equation of the mixture by means of a
Chapman-Enskog-like expansion.
III. CHAPMAN-ENSKOG-LIKE EXPANSION AROUND USF
We assume now that we excite the USF by small spatial perturbations, in order to get the diffusion transport
coefficients associated with the mass flux. We start from the set of Boltzmann equations (1) with a general time and
space dependence. Let u0,i = aijrj be the flow velocity of the undisturbed USF state, where aij = aδixδjy . In the
disturbed state however, the true velocity u is in general different from u0 [34–36], i.e., ui = u0,i + δui, δui being a
small perturbation to u0,i. Thus, in the perturbed USF state, the peculiar velocity is c = V− δu, where V = v−u0.
In the Lagrangian frame moving with u0, the Boltzmann equations (1) reads
∂
∂t
f1 − aVy ∂
∂Vx
f1 + (V + u0) · ∇f1 = J11[f1, f1] + J12[f1, f2], (28a)
∂
∂t
f2 − aVy ∂
∂Vx
f2 + (V + u0) · ∇f2 = J22[f2, f2] + J21[f2, f1], (28b)
where the derivative ∇fr is taken at constant V. The macroscopic balance equations follow as
∂tnr + u0 · ∇nr +∇ · (nrδu) = −∇ · jr
mr
, (r = 1, 2), (29)
∂tδui + aijδuj + (u0 + δu) · ∇δui = −ρ−1∇jPij , (30)
d
2
n∂tT +
d
2
n(u0 + δu) · ∇T = −aPxy − d
2
T
∑
r
∇ · jr
mr
−
(
∇ · q+ P : ∇δu+ d
2
pζ
)
, (31)
where the mass flux jr, the pressure tensor P, the heat flux q, and the cooling rate ζ are defined by equations (10),
(11), (12), and (13), respectively, with the replacement V→ c.
The deviations from the USF state are assumed small; the spatial gradients of the hydrodynamic fields are thus
small as well. Here, as in previous works on granular mixtures [37], we chose the mole fraction x1, the pressure p,
the temperature T , and the local flow velocity δu as the relevant hydrodynamic fields. Since the system is strongly
sheared, a solution to the set of Boltzmann equations (28a) and (28b) can be obtained by means of a generalization
of the conventional Chapman-Enskog method [21] in which the velocity distribution function is expanded around a
local shear flow reference state in terms of the small spatial gradients of the hydrodynamic fields relative to those of
USF. This is the main new ingredient of the expansion.
This type of Chapman-Enskog-like expansion has been already considered to get the set of shear-rate dependent
transport coefficients for monodisperse systems in the case of inelastic hard spheres [34, 35] and inelastic Maxwell
models [36]. More recently, the method has been extended to the case of granular mixtures [22]. Since the procedure
involved in the evaluation of the first-order approximation to the mass flux (which is the quantity needed to analyze the
diffusion coefficients) has been widely exposed in Ref. [22], we will start here our study on tracer diffusion coefficients
by adapting the results derived in this paper [22] to the special vanilla Maxwell model [see equation (6)]. More
technical details on the application of the Chapman-Enskog-like method can be found in the latter reference.
7A. First-order approximation to the mass flux
To first order in the gradients, the mass flux j
(1)
1 of species 1 is given by
j
(1)
1,i = −
m1m2n
ρ
Dij
∂x1
∂rj
− ρ
p
Dp,ij
∂p
∂rj
− ρ
T
DT,ij
∂T
∂rj
, j
(1)
2,i = −j(1)1,i . (32)
The diffusion tensors Dij , Dp,ij , and DT,ij are defined as
Dij = − ρ
nm2
∫
dc ci A1,j(c), (33)
Dp,ij = −pm1
ρ
∫
dc ci B1,j(c), (34)
DT,ij = −Tm1
ρ
∫
dc ci C1,j(c), (35)
where A1(c), B1(c) and C1(c) are the solutions of the following set of linear integral equations:
λν0 (p∂p + T∂T )A1− acy ∂
∂cx
A1 + L1A1 +M1A2 = A1
+
(
2a
d
∂P
(0)
xy
∂x1
+ p
∂ζ(0)
∂x1
)
B1 +
(
2aT
dp
∂P
(0)
xy
∂x1
+ T
∂ζ(0)
∂x1
)
C1, (36)
λν0 (p∂p + T∂T )B1−
[
2a
d
∂pP
(0)
xy + (1 + p∂p)ζ
(0) + acy
∂
∂cx
]
B1 + L1B1 +M1B2 = B1
−
[
2aT
dp2
(1− p∂p)P (0)xy −
T
p
∂pζ
(0)
]
C1, (37)
λν0 (p∂p + T∂T )C1−
[
(1 + T∂T )
(
2a
dp
P (0)xy + ζ
(0)
)
+ acy
∂
∂cx
]
C1 + L1C1 +M1C2 = C1
+
[
∂T
(
2a
d
P (0)xy + pζ
(0)
)]
B1. (38)
Here, we have introduced the quantities
A1,i(c) = −∂f
(0)
1
∂x1
ci − 1
ρ
∂f
(0)
1
∂cj
∂P
(0)
ij
∂x1
, (39)
B1,i(c) = −∂f
(0)
1
∂p
ci − 1
ρ
∂f
(0)
1
∂cj
∂P
(0)
ij
∂p
, (40)
C1,i(c) = −∂f
(0)
1
∂T
ci − 1
ρ
∂f
(0)
1
∂cj
∂P
(0)
ij
∂T
. (41)
Moreover, L1 and M1 are the linearized Boltzmann collision operators around the reference USF state:
L1X = −
(
J11[f
(0)
1 , X ] + J11[X, f
(0)
1 ] + J12[X, f
(0)
2 ]
)
, (42a)
M1X = −J12[f (0)2 , X ]. (42b)
In equations (36)–(38), ζ(0) and P
(0)
r,ij are the zeroth-order approximations to the cooling rate and the partial pressure
tensor, respectively, and f
(0)
1 is the zeroth-order distribution function.
8IV. SHEAR-RATE DEPENDENT DIFFUSION COEFFICIENTS. TRACER LIMIT
The generalized diffusion coefficients Dij , Dp,ij , and DT,ij are nonlinear functions of the shear rate and the pa-
rameters of the mixture (masses, concentration and coefficients of restitution). In dimensionless form, the above
coefficients can be written as
Dij =
ρT
m1m2ν0
D∗ij , (43)
Dp,ij =
p
ρν0
D∗p,ij , DT,ij =
p
ρν0
D∗T,ij . (44)
In order to determine them, one has to multiply equations (36)–(38) bym1cj and integrate over c. After some algebra,
the (scaled) diffusion coefficients D∗ij , D
∗
p,ij and D
∗
T,ij obey the following set of coupled algebraic equations:
− (λ+ ν∗D)D∗ij − a∗ikD∗kj =
ρ1
ρ
∂P ∗ij
∂x1
− ∂P
∗
1,ij
∂x1
+
∂λ
∂x1
(
D∗p,ij +D
∗
T,ij
)
, (45)
(
2λ− a∗ ∂λ
∂a∗
+ ν∗D
)
D∗p,ij + a
∗
ikD
∗
p,kj = −
(
ρ1
ρ
P ∗ij − P ∗1,ij
)
+
ρ1
ρ
a∗
∂P ∗ij
∂a∗
− a∗ ∂P
∗
1,ij
∂a∗
−
(
λ− a∗ ∂λ
∂a∗
)
D∗T,ij , (46)
(
a∗
∂λ
∂a∗
+ ν∗D
)
D∗T,ij + a
∗
ikD
∗
T,kj = −
ρ1
ρ
a∗
∂P ∗ij
∂a∗
+ a∗
∂P ∗1,ij
∂a∗
+
(
λ− a∗ ∂λ
∂a∗
)
D∗p,ij . (47)
In equations (45)–(47), we have introduced the dimensionless quantities ζ∗ ≡ ζ(0)/ν0, P ∗r,ij ≡ P (0)r,ij/p, P ∗ij ≡ P (0)ij /p =
P ∗1,ij + P
∗
2,ij and
ν∗D =
ρω∗12
dρ2
µ21(1 + α12), (48)
where ω∗12 ≡ ω12/ν0. Upon deriving equations (45)–(47) use has been made of the result
a∗
∂λ
∂a∗
= −2a
∗
d
(
P ∗xy + a
∗
∂P ∗xy
∂a∗
)
− a∗ ∂ζ
∗
∂a∗
, (49)
that comes from the identity
λ = −
(
ζ∗ +
2a∗
d
P ∗xy
)
. (50)
The solution to equations (45)–(47) provides the explicit forms of the set of diffusion coefficients for arbitrary
concentration. In particular, in the absence of shear field (a∗ = 0), P ∗ij = δij , P
∗
r,ij = xrγrδij , and so the tensorial
quantities D∗ij , D
∗
p,ij and D
∗
T,ij becomes scalar coefficients, namely, D
∗
ij = D
∗δij , D
∗
p,ij = D
∗
pδij and D
∗
T,ij = D
∗
T δij
where
D∗ = (ν∗D + λ)
−1
[
∂
∂x1
(x1γ1)− ∂λ
∂x1
(
D∗p +D
∗
T
)]
, (51)
D∗p = x1γ1
(
1− pm1
ρT1
)(
ν∗D + 2λ+
λ2
ν∗D
)−1
, (52)
D∗T =
λ
ν∗D
D∗p. (53)
The expressions (51)–(53) are consistent with those previously derived in the Navier-Stokes hydrodynamic order [11].
We now address the tracer limit (x1 → 0) for D∗ij , D∗p,ij and D∗T,ij . The analysis is quite delicate and shows that
the above coefficients turn out to be qualitatively different in the disordered and ordered phase, as may have been
expected from the previous results obtained in the Navier-Stokes order [20]. Let us consider each phase separately.
9A. Disordered phase
In the disordered phase, λ = λ
(0)
2 , the temperature ratio is finite and the energy ratio p
∗
1 = 0. Moreover, the results
displayed in Appendix A show that in the disordered phase P ∗1xy,dis and P
∗
1yy,dis are proportional to x1 and hence,
they vanish in the tracer limit. On the other hand,
lim
x1→0
(
∂P ∗1ij,dis
∂x1
)
p,T
= P(1)1ij,dis, (54)
where the explicit forms of the relevant elements P(1)1xy,dis and P(1)1yy,dis are defined by equations (A21) and (A22),
respectively. In these conditions, the set of equations (46) and (47) obeyed by the tensors D∗p,ij and D
∗
T,ij become
a set of homogeneous equations whose solution yields D∗p,ij = D
∗
T,ij = 0. In the case of the diffusion tensor D
∗
ij ,
equation (45) becomes (
λ
(0)
2 + ν
∗
D
)
D∗ij + a
∗
ikD
∗
kj = P(1)1ij,dis, (55)
whose solution is
D∗ij =
1
λ
(0)
2 + ν
∗
D
(
δik − a
∗
ik
λ
(0)
2 + ν
∗
D
)
P(1)1kj,dis. (56)
Here, we have introduced the tensor a∗kℓ = a
∗δkxδℓy and ν
∗
D = µ21(1 + α12)/2 in the tracer limit. Equation (56) was
already obtained in Ref. [10] in the study of diffusion of impurities in a sheared inelastic Maxwell gas. Moreover,
when a∗ = 0, P(1)1ij,dis = γ1δij and one recovers the results derived in the Navier-Stokes approximation [11].
B. Ordered phase
The calculations in the ordered phase are, expectedly, more intricate. In this case, λ = λ
(0)
1 , γ1 → ∞ but
p
(0)
1 ≡ E1/E 6= 0. Here, p(0)1 is the zeroth-order contribution to the expansion of p∗1 in powers of the concentration x1,
i.e.,
p∗1 = p
(0)
1 + p
(1)
1 x1 + . . . . (57)
In addition, in order to obtain the diffusion tensors, we need also to evaluate the two first terms of the expansion of
the tracer pressure tensor P ∗1ij,ord in powers of x1:
P ∗1ij,ord = P(0)1ij,ord + P(1)1ij,ordx1 + . . . . (58)
The explicit expressions of P(0)1ij,ord and P(1)1ij,ord are provided in Appendix A. Once these quantities are known, the
set of coupled equations verified by the diffusion tensors in the ordered phase can be obtained after taking the tracer
limit in equations (45)–(47). The result is
−
(
λ
(0)
1 + ν
∗
D
)
D∗ij − a∗ikD∗kj = −P(1)1ij,ord + λ(1)1
(
D∗p,ij +D
∗
T,ij
)
, (59)
(
2λ
(0)
1 − a∗
∂λ
(0)
1
∂a∗
+ ν∗D
)
D∗p,ij + a
∗
ikD
∗
p,kj = P(0)1ij,ord − a∗
∂P(0)1ij,ord
∂a∗
−
(
λ
(0)
1 − a∗
∂λ
(0)
1
∂a∗
)
D∗T,ij , (60)
(
2λ
(0)
1 − a∗
∂λ
(0)
1
∂a∗
+ ν∗D
)
D∗T,ij + a
∗
ikD
∗
T,kj = a
∗
∂P(0)1ij,ord
∂a∗
+
(
λ
(0)
1 − a∗
∂λ
(0)
1
∂a∗
)
D∗p,ij , (61)
where the explicit expression of λ
(1)
1 is provided in Appendix C of Ref. [18]. Equations (59)–(61) are the most relevant
results of the present paper since their solution provides the dependence of D∗ij , D
∗
p,ij and D
∗
T,ij on the parameters
of the system in the ordered phase. In particular, once the set of coupled algebraic equations (60) and (61) for D∗p,ij
and D∗T,ij are solved, the solution to equation (59) is simply
D∗ij =
1
λ
(0)
1 + ν
∗
D
(
δik − a
∗
ik
λ
(0)
1 + ν
∗
D
)[
P(1)1kj,ord − λ(1)1
(
D∗p,kj +D
∗
T,kj
)]
. (62)
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FIG. 1: Shear rate dependence of the diffusion coefficients D∗p,yy, D
∗
T,yy and D
∗
yy for a three-dimensional system with a mass
ratio µ = 0.2 and a (common) coefficient of restitution α = α22 = α12 = 0.9. In this case, the value of the critical shear rate
a∗c beyond which the ordered phase appears is a
∗
c ≃ 7.56.
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FIG. 2: Same as in Fig. 1 for the coefficients D∗p,xy , D
∗
T,xy and −D
∗
xy.
V. SOME ILLUSTRATIVE SYSTEMS
The results derived in the previous section gives the dependence of the set of (scaled) diffusion coefficients Dij ≡{
D∗ij , D
∗
p,ij , D
∗
T,ij
}
in the disordered and ordered phases in terms of the mass ratio µ, the coefficients of restitution
α12 and α22 and the dimensionality of the system d. Highly nonlinear functions on the above parameter space appear.
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FIG. 3: Same as in Fig. 1 but for the coefficients D∗p,yx, D
∗
T,yx and −D
∗
yx.
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FIG. 4: Same as in Fig. 1 but for the coefficients D∗p,xx, D
∗
T,xx and D
∗
xx.
According to equations (56) and (59)-(61), Dxz = Dzx = Dyz = Dzy = 0 in agreement with the symmetry of the
linear shear flow (15). Therefore, there are five relevant (nonzero) elements of the tensors Dij : the three diagonal
(Dxx, Dyy and Dzz) and the two off-diagonal elements (Dxy and Dyx). Equations (56) and (59)-(61) also show that
the anisotropy produced by the shear flow leads to the properties Dxx 6= Dyy = Dzz and Dxy 6= Dyx. Note that the
equality Dyy = Dzz is a consequence of the identity P ∗1,yy = P ∗1,zz. This property is due to the interaction model
considered since Dyy 6= Dzz for IHS [38, 39].
In order to illustrate the shear-rate dependence of those coefficients, we consider a three-dimensional system (d = 3)
with a common coefficient of restitution (α ≡ α22 = α12). This reduces our parameter space to three independent
quantities: µ, α and a∗. In this case (symmetric dissipation), according to equation (25), the value of the threshold
mass ratio µ
(−)
th for the light impurity phase is independent of the coefficient of restitution, i.e., µth =
√
2− 1 ≃ 0.414.
Since this phase is also present in the elastic case [32], we focus our attention first onto a system with a mass ratio
µ < µ
(−)
th . More specifically, we consider the mass ratio µ = 0.2 for which the critical value of the (reduced) shear rate
a∗c ≃ 7.56 and so, the disordered phase exists for a∗ & 7.56.
Figures 1–4 are for the dependence of the coefficients Dij for µ = 0.2 and α = 0.9. As expected, the results show
that the coefficients D∗p,ij and D
∗
T,ij vanish in the disordered phase but they are different from zero in the ordered
phase. The coefficients D∗ij diverge in the disordered phase at the critical point (since P(1)1ij,dis ∝ γ1 →∞), but remain
finite in the ordered phase. In general, we observe that the effect of the shear flow on diffusion is quite significant,
especially for the tracer diffusion coefficients D∗ij .
We start our discussion with the diagonal terms Dii (i = x, y, z). In the case of D∗yy and D∗xx, it appears that their
shear-rate dependence is qualitatively similar in the ordered phase (a∗ > a∗c) since both coefficients decrease with
increasing the shear rate. In the disordered phase however, while D∗yy exhibits a non-monotonic dependence on a
∗,
D∗xx increases with a
∗ and thus, shearing enhances diffusion along the x direction. In addition, at a more quantitative
level, we also observe that the anisotropy of the system (as measured by the difference D∗xx−D∗yy) grows with the shear
rate in the disordered phase while the opposite happens in the ordered phase (since for instance, D∗xx −D∗yy ≃ 7.29
at a∗ = 10 and D∗xx − D∗yy ≃ 4.13 at a∗ = 12). In any case, both diagonal elements (which can be understood
as generalized mutual diffusion coefficients in a sheared mixture) tend to zero as the shear rate becomes large, this
tendency being much slower in the case of D∗xx. As far as the diagonal elements D
∗
p,ii and D
∗
T,ii are concerned, we see
first that they can be positive or negative in the ordered phase, although their magnitude is much smaller than their
counterparts D∗ii. Moreover, |D∗p,ii| and |D∗T,ii| decrease with a∗ and tend to vanish at large shear rates.
We consider now the off-diagonal elements Dij (i 6= j). They measure cross effects in the diffusion of particles
induced by the shear flow. Thus, for instance, D∗xy gives the transport of mass along the direction of the flow (x
axis) due to a concentration gradient parallel to the gradient of the flow velocity (y axis). While D∗xy and D
∗
yx are
negative, a different behaviour is reported for the coefficients D∗p,ij and D
∗
T,ij (with i 6= j). As in the case of the
diagonal elements, the magnitude of the latter coefficients is in general smaller than that of the cross-coefficients D∗xy
and D∗yx. We also observe that the shear-rate dependence of |D∗xy| and |D∗yx| is quite similar in both phases for the
system parameters chosen in figures 2 and 3: they first display a non-monotonic dependence on a∗ in the disordered
phase, then tend to infinity at the critical point while they decrease upon increasing the shear rate in the ordered
phase. As for the diagonal elements, |D∗xy| is in general larger than |D∗yx| showing that the coupling between the shear
field and the concentration gradient enhances significantly the mass transport along the direction of the flow. Finally,
it must noted that the behaviour of D∗p,ij and D
∗
T,ij (with i 6= j) is quite similar to that of the diagonal elements since
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FIG. 5: Shear rate dependence of −D∗p,yy, −D
∗
T,yy, D
∗
p,xy and D
∗
T,xy for a three-dimensional system with a mass ratio µ = 50
and a (common) coefficient of restitution α = α22 = α12 = 0.9. In this case, the ordered phase exists for a
∗ < a∗(+) ≃ 0.142.
On the other hand, in the disordered region (a∗ > 0.142), all quantities plotted vanish.
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they vanish in the disordered phase and then their magnitude decreases as the shear rate increases.
Now, we consider a situation where the ordered phase appears for heavy impurities. For symmetric dissipation, this
phase exists for µ > µ
(+)
HCS [where µ
(+)
HCS is given by the second identity of equation (26)] and a
∗ < a∗(+) [where a∗(+) is
given by equation (27)]. For d = 3 and α = α22 = α12 = 0.9, µ
(+)
HCS ≃ 38.03 and a∗(+) ≃ 0.142. Figures 5 and 6 show
the shear-rate dependence of the relevant elements of the tensors D∗p,ij and D
∗
T,ij . The mutual diffusion tensor D
∗
ij
has not been plotted since in the ordered region the conventional diffusion coefficient D∗ [defined by equation (51)]
yields unphysical negative values (D∗ < 0) when one considers the “vanilla” version of the inelastic Maxwell model.
This drawback of the model was already discussed in Ref. [20], where it was found that the kinetic theory calculations
disagree with Monte Carlo simulations: the latter predict that the coefficient D∗ (which can be understood as the
vanishing shear rate limit of the tensor D∗ij) diverges in the ordered phase while theoretical predictions yield finite
values. It appears from figures 5 and 6 that the impact of shear flow on D∗p,ij and D
∗
T,ij is more important here
than in the light impurity phase case. This could come as a surprise since the magnitude of shear rates covering the
ordered heavy tracer region is smaller than that of the corresponding ordered light tracer region. However, it seems
that the effect of the mass ratio on diffusion (with relatively small shear rates) in the present case (Brownian limit)
is more significant than the effect of the shear rate on diffusion (with relatively large shear rates) when the tracer
particles are lighter than the gas particles. Thus, in particular, there is a significant enhancement of the magnitude of
the coefficients D∗p,xx and D
∗
T,xx with respect to their vanishing shear rate values D
∗
p [defined by equation (52)] and
D∗T [defined by equation (53)], respectively.
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VI. DISCUSSION
In this paper, we have analyzed the effects of a recent non-equilibrium transition [17, 18] found for inelastic Maxwell
Models when the concentration of one of the species x1 of a binary mixture is negligible (tracer limit). The emphasis
was put on the diffusion coefficients of impurities immersed in a strongly sheared granular gas. In this transition, at
given values of the shear rate and the parameters of the system (masses and coefficients of restitution for collisions
between tracer and gas particles and gas particles among themselves), there are regions (coined as ordered phases)
where quite surprisingly the relative contribution of the tracer species to the total properties of the mixture does
not vanish as x1 → 0. Two families of ordered phase appear: (i) a light impurity phase which exists when the mass
ratio µ ≡ m1/m2 does not exceed the threshold value µ(−)th [defined by equation (25)] and the shear rate is larger
than a certain critical value, and (ii) a heavy impurity phase which appears when µ > µ
(+)
HCS [defined by the second
identity of equation (26)] and shear rates smaller than a∗(+) [defined by equation (27)]. The light impurity phase can
also exist at a∗ = 0 when α12 >
√
(1 + α22)2/2. While the light impurity phase was already found [32] in the case
of ordinary (elastic) mixtures, the second one (heavy impurity phase) is absent for elastic collisions since a∗(+) = 0
when α22 = 1. It must be noted that both light and heavy ordered phases disappear when a
∗ < a∗c and µ < µ
(+)
HCS in
the particular case of symmetric dissipation (α12 = α22). As expected, in the disordered phase, the properties of the
mixture coincide with that of the excess gas.
Because of the anisotropy induced by the shear flow, tensorial quantities are required to describe mass transport.
Thus, the mass flux j
(1)
1 of impurities is given by equation (32) where the second-rank (scaled) tensors D
∗
ij , D
∗
p,ij and
D∗T,ij obey the set of coupled algebraic equations (45)–(47) for arbitrary concentration (x1 6= 0). Starting from these
general equations, the forms of those shear-rate dependent tensors have been explicitly obtained in both disordered
and ordered phases, by enforcing carefully the tracer limit. It was found that the dependence of the (scaled) diffusion
coefficients on both the (reduced) shear rate a∗ and the parameters of the mixture (mass ratio µ and the coefficients of
restitution α22 and α12) is clearly different in both phases. The pressure D
∗
p,ij and thermal D
∗
T,ij diffusion coefficients
vanish in the disordered phase while they are given by equations (60) and (61), respectively, in the ordered phase. The
expression of the mutual diffusion coefficients D∗ij , for the disordered phase, coincides with the one derived before [10]
by starting from the Boltzmann-Lorentz equation for the tracer particles. On the other hand, it is given by equation
(62) in the ordered phase.
The results show that in general the shear-rate dependence of all the coefficients is quite complex. In particular, as
happens in the Navier-Stokes description[20], only the mutual diffusion coefficients D∗ij diverge at the critical point.
Moreover, the analysis carried out in section IV shows that D∗ij turns out negative in the ordered heavy tracer phase
for all the range of shear rates studied. Since the diagonal elements of this tensor can be seen as a generalization of
the mutual diffusion coefficient D∗ [defined by equation (51)], one could expect that these elements should be positive.
The fact that D∗ii is negative for a
∗ < a∗(+) could be a reminiscence of the unphysical behaviour found for D∗ in the
ordered phase for extreme values of the mass ratio [20]. In addition, given that significant discrepancies were found in
Ref. [20] for the tracer diffusion between theory and Monte Carlo simulations in the ordered phase, a possible scenario
to explain this disagreement could be the breakdown of hydrodynamics in the ordered phase for large mass ratios. On
the other hand, beyond this region, the present results for the set of shear-rate dependent coefficients show that all of
them are well behaved and so, one could speculate that granular hydrodynamics (in the sense that all the space and
time dependence of the distribution functions occurs entirely through a functional dependence on the hydrodynamic
fields) is here valid. A complete answer to this question would require additional numerical work to measure some of
these coefficients. We plan to perform Monte Carlo simulations in a sheared granular mixture by following the strategy
adopted years ago by Campbell [40] who computed the self-diffusion tensor via molecular-dynamics simulations, using
particle tracking and through velocity correlations.
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Appendix A: Expressions of the partial pressure tensors in the USF state
In this Appendix, we display the explicit forms of the (reduced) pressure tensors P ∗r,ij (r = 1, 2) in the USF state
for arbitrary concentration (x1 6= 0). First, the (global) shear stress P ∗xy is given by P ∗xy = P ∗1,xy + P ∗2,xy where
P ∗1,xy =
d
2a∗
[A∗12 −B∗12 − (B∗11 + λ−A∗11 +A∗12 −B∗12) p∗1] , (A1)
P ∗2,xy =
d
2a∗
[A∗21 −B∗21 − (B∗22 + λ−A∗22 +A∗21 −B∗21) (1 − p∗1)] . (A2)
Here,
A∗11 =
ω∗11
2(d+ 2)
(1 + α11)
2 +
ω∗12
d+ 2
µ221(1 + α12)
2, (A3)
A∗12 =
ω∗12
d+ 2
ρ1
ρ2
µ221(1 + α12)
2, (A4)
B∗11 =
ω∗11
d(d + 2)
(1 + α11)(d+ 1− α11) + 2ω
∗
12
d(d + 2)
µ21(1 + α12) [d+ 2− µ21(1 + α12)] , (A5)
B∗12 = −
2
d
A∗12, (A6)
where ω∗rs = ω
∗
rs/ν0. Adequate change of indices (1↔ 2) provide the equations pertaining to A∗22, A∗21, B∗22, and B∗21.
In addition, in equations (A1) and (A2) the energy ratio p∗1 can be written as [18]
p∗1 =
Ka∗2 + L
Ra∗2 + S
, (A7)
where
K = −2A∗12λ2 + 4(A∗22B∗12 −A∗12B∗22)λ+ 2A∗22B∗12(B∗11 +B∗22)− 2A∗12(B∗12B∗21 +B∗222 ), (A8)
L = d(B∗12 −A∗12)
[
λ2 + (B∗11 +B
∗
22)λ +B
∗
11B
∗
22 −B∗12B∗21
]2
, (A9)
R = 2(A∗11 −A∗12)λ2 − 4 [B∗12(A∗21 −A∗22) + B∗22(A∗12 −A∗11)]λ
+2B∗12(B
∗
11 +B
∗
22)(A
∗
22 −A∗21) + 2(A∗11 −A∗12)(B∗12B∗21 +B∗222), (A10)
S = d(A∗11 −A∗12 −B∗11 +B∗12 − λ)
[
λ2 + (B∗11 +B
∗
22)λ +B
∗
11B
∗
22 −B∗12B∗21
]2
. (A11)
The other relevant element of the pressure tensor is P ∗yy = P
∗
zz . It is given by P
∗
yy = P
∗
1,yy + P
∗
2,yy where
P ∗1,yy = P
∗
1,zz =
(B∗22 + λ) [p
∗
1A
∗
11 + (1− p∗1)A∗12]−B∗12 [p∗1A∗21 + (1− p∗1)A∗22]
(B∗11 + λ)(B
∗
22 + λ) −B∗12B∗21
, (A12)
P ∗2,yy = P
∗
2,zz =
(B∗11 + λ) [p
∗
1A
∗
21 + (1− p∗1)A∗22]−B∗21 [p∗1A∗11 + (1− p∗1)A∗12]
(B∗11 + λ)(B
∗
22 + λ) −B∗12B∗21
. (A13)
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Finally, the xx-element P ∗xx = P
∗
1,xx+P
∗
2,xx where its partial contributions can be easily determined from the constraint
P ∗r,xx = dxrγr − (d− 1)P ∗r,yy, (A14)
where γr ≡ Tr/T is the partial temperature of species r.
The above expressions for the partial contributions P ∗r,ij to the pressure tensor hold for arbitrary values of x1. Let
us consider now the forms of P ∗r,ij in the tracer limit (x1 → 0). In this case, we assume that P ∗r,ij and p∗1 can be
expanded as
P ∗r,ij = P(0)r,ij + P(1)r,ijx1 + P(2)r,ijx21 + . . . , (A15)
p∗1 = p
(0)
1 + p
(1)
1 x1 + p
(2)
1 x
2
1 + . . . . (A16)
The expressions of P(k)r,ij and p(k)1 will be different if λ(0)2 > λ(0)1 (disordered phase) or λ(0)1 > λ(0)2 (ordered phase). In
particular, in the lowest order in x1, the expressions of P(0)r,ij in the disordered phase are simply P(0)1xy,dis = P(0)1yy,dis = 0,
P(0)2xy,dis = −
A
(0)
22
(B
(0)
22 + λ
(0)
2 )
2
a∗, (A17)
P(0)2yy,dis =
A
(0)
22
B
(0)
22 + λ
(0)
2
, (A18)
where
A
(0)
22 =
(1 + α22)
2
2(d+ 2)
, (A19)
B
(0)
22 =
(1 + α22)(d + 1− α22)
d(d+ 2)
, (A20)
and use has been made of the fact that p
(0)
1 = 0 in the disordered phase. In addition, to get the (reduced) diffusion
tensor D∗ij in the disordered phase, we need the expressions of P(1)1xy,dis and P(1)1yy,dis. They are given by
P(1)1xy,dis =
d
2a∗
[
A
(1)
12 −B(1)12 +
(
A
(0)
11 −B(0)11 − λ(0)2
)
γ1
]
, (A21)
P(1)1yy,dis =
(B
(0)
22 + λ
(0)
2 )
(
A
(0)
11 γ1 +A
(1)
12
)
−A(0)22 B(1)12
(B
(0)
11 + λ
(0)
2 )(B
(0)
22 + λ
(0)
2 )
, (A22)
where
A
(0)
11 =
µ221
d+ 2
(1 + α12)
2, (A23)
B
(0)
11 =
2
d(d+ 2)
µ21(1 + α12) [d+ 2− µ21(1 + α12)] , (A24)
A
(1)
12 =
µ12µ21
(d+ 2)
(1 + α12)
2, (A25)
B
(1)
12 = −
2
d
A
(1)
12 . (A26)
On the other hand, the temperature ratio γ1 = T1/T is, in the tracer limit,
γ1 =
D1(λ
(0)
2 )
∆0(λ
(0)
2 )
, (A27)
where the functions D1(λ) and ∆0(λ) are given by
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D1(λ) = d(B
(1)
12 −A(1)12 )(B(0)11 + λ)2(B(0)22 + λ)2 + 2a∗2
[
A
0)
22B
(1)
12 (B
(0)
11 +B
(0)
22 + 2λ)−A(1)12 (B(0)22 + λ)2
]
, (A28)
∆0(λ) = (B
(0)
22 + λ)
2
[
2a∗2A
(0)
11 + d(A
(0)
11 −B(0)11 − λ)(B(0)11 + λ)2
]
. (A29)
The quantities P(0)1xx,dis and P(1)1xx,dis can be easily identified from the relation (A14) with the result
P(0)1xx,dis = −(d− 1)P(0)1yy,dis, (A30)
P(1)1xx,dis = dγ1 − (d− 1)P(1)1yy,dis. (A31)
In the ordered phase, the zeroth-order expressions for the elements of the tracer pressure tensor P ∗1,ij are
P(0)1xy,ord =
d
2a∗
(
A
(0)
11 −B(0)11 − λ(0)1
)
p
(0)
1 , (A32)
P(0)1yy,ord =
A
(0)
11
B
(0)
11 + λ
(0)
1
p
(0)
1 , (A33)
where
A
(0)
21 = A
(1)
12 =
µ12µ21
(d+ 2)
(1 + α12)
2, B
(0)
21 = B
(1)
12 = −
2
d
A
(0)
21 , (A34)
A
(1)
11 =
1
2(d+ 2)
(1 + α11)
2 −A(0)11 , (A35)
B
(1)
11 =
1
d(d+ 2)
(1 + α11)(d + 1− α11)−B(0)11 , (A36)
B
(1)
22 =
2
d(d+ 2)
µ12(1 + α12) [d+ 2− µ12(1 + α12)]−B(0)22 , (A37)
A
(1)
22 =
µ221
d+ 2
(1 + α12)
2 −A(0)22 . (A38)
The zeroth-order contribution p
(0)
1 to the energy ratio is [18]
p
(0)
1 =
D1(λ
(0)
1 )
∆′0(λ
(0)
1 )λ
(1)
1 +∆1(λ
(0)
1 )
, (A39)
where
∆′0(λ
(0)
1 ) ≡
(
∂∆0(λ)
∂λ
)
λ=λ
(0)
1
, (A40)
and the expression of λ
(1)
1 is given by equations (C8)–(C13) of Ref. [18].
The first-order corrections P(1)1xy,ord and P(1)1yy,ord are also needed to determine the diffusion coefficients D∗ij in the
ordered phase. Their evaluation is quite involved and can be obtained by expanding the expressions (A1) and (A12)
up to first order in x1. After some algebra, one gets
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P(1)1xy,ord =
d
2a∗
[
A
(1)
12 −B(1)12 −
(
B
(1)
11 + λ
(1)
1 −A(1)11 +A(1)12 −B(1)12
)
p
(0)
1 −
(
B
(0)
11 + λ
(0)
1 −A(0)11
)
p
(1)
1
]
, (A41)
P(1)1yy,ord =
1
(B
(0)
11 + λ
(0)
1 )
2(B
(0)
22 + λ
(0)
1 )
{(
A
(1)
12 (1− p(0)1 ) +A(1)11 p(0)1 +A(0)11 p(1)1
)
(B
(0)
11 + λ
(0)
1 )(B
(0)
22 + λ
(0)
1 )
+ (B
(0)
11 + λ
(0)
1 )
[
A
(0)
11 p
(0)
1
(
B
(1)
22 + λ
(1)
1
)
−B(1)12
(
A
(0)
22 (1− p(0)1 ) +A(0)21 p(0)1
)]
− A(0)11 p(0)1
[
(B
(1)
11 + λ
(1)
1 )(B
(0)
22 + λ
(0)
1 ) + (B
(0)
11 + λ
(0)
1 )(B
(1)
22 + λ
(1)
1 )−B(0)21 B(1)12
]}
. (A42)
The explicit form of the first-order correction p
(1)
1 to the energy ratio is displayed in Appendix B. Finally, the quantities
P(0)1xx,ord and P(1)1xx,ord are defined as
P(0)1xx,ord = dp(0)1 − (d− 1)P(0)1yy,ord, (A43)
P(1)1xx,ord = dp(1)1 − (d− 1)P(1)1yy,ord. (A44)
Appendix B: First-order correction to the energy ratio
In the general case (x1 6= 0), the energy ratio p∗1 is given by equation (A7). In the tracer limit (x1 → 0), p∗1 can be
expanded in powers of x1 as in equation (A16) and p
(0)
1 is defined by equation (A39). In this Appendix, we want to
get its first-order correction p
(1)
1 . If x1 → 0, the energy ratio p∗1 becomes
p∗1(λ, a
∗) ≈ x1 D1(λ, a
∗) +D2(λ, a
∗)x1
∆0(λ, a∗) + ∆1(λ, a∗)x1 +∆2(λ, a∗)x21
, (B1)
where the dependence on µ, α11, α22, and α12 is implicitly assumed on the right-hand side of equation (B1). The
expressions of D1 and ∆0 are given by equations (A28) and (A29), respectively, while D2, ∆1 and ∆2 can be easily
obtained from the general form of p∗1. Their explicit expressions are too cumbersome to be provided here and will be
omitted [41]. Equation (B1) applies for λ1 and λ2. The expansion of λ1 in powers of x1 can be written as
λ1(a
∗, x1) ≈ λ(0)1 (a∗) + λ(1)1 (a∗)x1 + λ(2)1 (a∗)x21, (B2)
where the quantities λ
(1)
1 (a
∗) and λ
(2)
1 (a
∗) can be obtained from the sixth-degree polynomial equation defining λ in
the USF problem [18]. As said before, the expression of λ
(1)
1 is given by equations (C8)–(C13) of Ref. [18]. On the
other hand, the expression of λ
(2)
1 (a
∗) is also too large to be displayed here.
The form of p
(1)
1 can be obtained by taking the tracer limit in equation (B1). After some algebra, one arrives at
p
(1)
1 =
p
(0)
1
D1(λ
(0)
1 )
[
D2(λ
(0)
1 ) +D
′
1(λ
(0)
1 )λ
(1)
1 − p(0)1
(
∆2(λ
(0)
1 ) + ∆
′
0(λ
(0)
1 )λ
(2)
1 +∆
′
1(λ
(0)
1 )λ
(1)
1 +
1
2
∆′′0(λ
(0)
1 )λ
(1)2
1
)]
, (B3)
where
D′1(λ
(0)
1 ) ≡
(
∂D1(λ)
∂λ
)
λ=λ
(0)
1
, ∆′1(λ
(0)
1 ) ≡
(
∂∆1(λ)
∂λ
)
λ=λ
(0)
1
, ∆′′0 (λ
(0)
1 ) ≡
(
∂2∆0(λ)
∂λ2
)
λ=λ
(0)
1
. (B4)
In the absence of shear (a∗ = 0), the expression (B3) for p
(1)
1 reduces to the one previously derived in the homoge-
neous cooling state [20]. This shows the consistency of our results.
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